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Introduction

What this is: This documentation and the accompanying diskette(s) are the Version
1.0 release of the Cadastral Measurement Management (CMM) system. The system
has undergone about a year of testing and evolution. CMM must still be considered
as a prototype, it takes a considerable amount of time for such a new and extensive
system to be tested. Until recently it has not been in the hands of a great number of
users. Primary test sites and other individuals have been involved in the ‘alpha’ and
‘beta’ test releases, with the result of an easier to use, more capable and more bug free
working release. Software development, to be effective and meet user needs, must be
an evolution. In this case we are already aware of many potential improvements and
new capabilities that could eventually be incorporated into the system. But it is also
important to get the system into the hands of user, both to better determine the course
of the evolution, and to allow people to benefit from the capabilities that exist.

We would especially like to encourage all Cadastral personnel to try out the software.
You can expect that this will not be a simple task. In addition to working with
software that is new and unfamiliar, there are a few other aspects of CMM that can
tend to raise the slope of the learning curve. Many of these aspects are the result of
necessary evils. Things that we have come to recognize are necessary attributes of the
system that were needed to properly handle automated computations in PLSS
retracement work.

Two of these factors that will be discussed at more length below are:

*  Using Least Squares Analysis as a means to handle the inherent misclosure
commonly carried in BLM Cadastral surveys.

*  Using State Plane coordinates as the means to dealing with the geodetic
peculiarities of the PLSS.

Some or both of these methods are new things to most of us in BLM Cadastral. Use
of the CMM system will be a lot easier once the user gains some understanding of
these two factors. This is particularly true of the Least Squares Analysis portion.

With this software we have at our disposal some extremely powerful tools that have
not previously been readily available to most land surveyors. The methods and
capabilities are state-of-the-art for the PC. In order to effectively use the least squares
‘measurement management’ tool kit, you need to plunge into it and gain an understand
of some of the terminology and idea behind the least squares process. Like many
aspects of surveying, in addition to reading about it here, the best teacher is experience
and experimentation with your actual survey data. After a while we hope most of you
will begin to see some of the advantages and power that are made available to you
with the least-squares capability.

CMM Chapter 1 - Introduction page 1
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This system is not like a spreadsheet program, or even that much like a simple COGO
package that can almost be operated without a manual. Please take some time to read
the documentation we have to date, to ask questions of other users, and to avail
yourself of whatever training sessions we will be able to put together this winter.

A good and responsive way to obtain support and get questions answered after you get
started is through the use of the Email system and the Cadastral Forum we have on
CompuServe. Using these systems is still another learning process, however once
conquered the benefits are many.

How to Proceed: The first thing we would suggest first time users of this system to
do is to read through this documentation until you get to the tutorial example. At that
time refer to the installation section and install the software, and then return and go
through the example step by step. Then you may refer to the reference section and
appendix for additional information on capabilities of the system.

What it doesn’t do: (as of Release 1.0 03/91)

*  There is no solar or polaris program. This will be provided in a seperate but
integrated package during the next year.

*  The links to data collection included are preliminary pending user feedback
and testing.

Purpose: The purpose of CMM is to provide a first shot at a PC based Cadastral
Computation System, primarily for lower-48 retracement survey applications, that
would be able to do the job and also:

Recognize the special geodetic nature of the PLSS, the PLSS Datum

Perform the many special Cadastral Survey procedures, adjustments, requirements
and problems.

In the process of tackling these goals we have bitten off a big chunk of work, but it
was clear at the outset that if we were going to take the time to develop software for
the PC, then we should make it as capable and technically correct as possible within
the limits allowed by existing systems as well as our knowledge of the problems.

What you can expect: Software and automation are supposed to make your life easier,
right? Maybe, but sometimes it may seem like the reverse. In this case you are likely
to encounter a pretty steep learning curve. This will be worse if you are not that
familiar with using a PC and PC software. Even if that is not the case there are still
a number of other hurdles you will have to climb in order to effectively take advantage
of this system. As we continue to improve the software and documentation, and begin
to provide training sessions these learning curves will become less steep. Your reward
for climbing the curve will be the ability to take advantage of many powerful
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capabilities that have not been available to us before.

The CMM system is modular, so that sometimes one portion of it may currently be
a little inconsistent or more confusing than others, but it also means that it is not too
difficult to make improvements and advancements in the system.

Some of the goals we have for continued development and evolution of CMM are:

To assure that the user interface becomes as understandable and usable as
possible.

To assure that the software produces the correct technical and legal results.

That the user interface or methodology does not lead the user towards computing
WRONG answers.

That there are methods available to verify the computations or allow for easy
detection of errors.

This last item is one of some concern. One troubling aspect of automation is the
ability to quickly produce a lot of incorrect information, and because you are more
isolated from the process, not be aware of it. This is closely akin to the old GIGO
(garbage in garbage out) phenomena, and is one of the corollaries to Murphy’s law.
In general the computer is not a time saver, but provides powerful tools that allow a
user to extend capabilities further than before.

The computer has also made it possible to mess up magnitudes more data and work,
faster than you can say IBM. Keep that in mind as you work with this system on your
real survey data. Protect you work, backup jobs and think before storing data back
to copies and archives.

CMM Chapter 1 - Introduction " page 3
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Why is it so great?

This is our first attempt at bringing a Cadastral Computation system to the PC. Why
is that special? Well, there are a lot of unique things about how we in Cadastral
Survey BLM, both technically and procedurally, that make it a challenge to automate.
We have a traditional manual process handed down that many in Cadastral still use.
That manual process if conscientiously followed produces good and technically correct
surveys. In thinking of automating the cadastral survey field computation process
Looking at these aspects there are a few big problems we have to overcome. As we
stated above, this system attempts to deal with these:

+ The Geodetic aspects of the PLSS: things like true mean bearings,
application of curvature to survey lines, the effects of convergency of the
meridians and latitudinal arcs.

+  Special Cadastral computations: like double proportion, irregular boundary
adjustment, single proportion on latitudinal arc, etc.

What about these State Plane Coordinates?

Many of us in Cadastral Survey have a built in aversion to the word coordinate, and
even more so for the things called State Plane Coordinates. Practicioners from the
private sector are usually amazed at this, but do not work day to day on large scale
surveys. The traditional methods allowed a pragmatic, correct and efficient method
to be applied to getting large scale Cadastral surveys done. This traditional concern
about coordinates is not without justification as we have all seen coordinate surveying
abused. A lot of this abuse occurred at the advent of electronic surveying at the same
time as electronic computation became available in the early *70’s. People started
doing things (it was easy) that did not represent good survey practice. Traversing
became easy, it was especially easy if you did not have to close into anything. The
ambiguity created by having two coordinates on a point was best swept under the
carpet, often adjusted away. Some people developed a belief that if they could
compute a coordinate on a point that it was surveyed, never mind any kind of checks
or analysis.

The state plane coordinate systems were developed before the electronic revolution to
allow the local surveyor to make use of the network of geodetic control points that so
much money had been spent establishing. Using stations over long distances could not
be accomodated with local plane coordinate systems, and the computational tools used
by the average surveyor were minimal. Books of tables, sliderules and kurta’s. A
simple method was developed along with projection tables that had a sound geodetic
projection background, that could be used to perform geodetic computations and use
the control net, without too many corrections you could keep within 1:5000 of the
right answer. This was pretty tight stuff at the time.

CMM Chaptel‘ 1 - Intro duct‘iOn ONSAR
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Things are a little different today with respect to State Plane Coordinates. With the
computer and properly designed software all corrections can be applied to survey data
to obtain very high accuracies with the system. In the case of CMM, State Plane
coordinates are just a means to the end of dealing with geodetics and making the least
squares process a little easier to do. In the future this aspect may change to work
directly with geodetics. To the user there is little difference, the answers are the
same, the software does the work.

The traditional Cadastral way to compute and handle large scale survey areas was to
compute using actual measured lines in terms of true courses defined by latitudes and
departures (lats/deps). These lines were reported as measured by chain and solar
transit. Closure was the proof of the precision of the work and the sum of a large
number of independent distance angle and azimuth measurements. As we have
migrated away from the solar compass/transit in the last 20 years, things have gotten
a little more confusing.

The traditional process in Cadastral Survey was good because it provided a simple
manual way to properly deal with both the geodetic stuff and to avoid dealing with the
misclosures. However it is not very susceptible to being automated. Generally
automated systems like to use coordinates.

Coordinates and the PLSS. There are a lot of particular problems associated with
using coordinate systems in the PLSS datum that are significant. Any useful
coordinate system will be close to orthogonal, that is north is at right angles to east
and all N-S lines are parallel. But the PLSS Datum is not that way. E-W lines are
not even straight, but are instead curves called latitudinal arcs, and N-S lines are true
meridians which converge, that is get closer together as you go north along them.
Working in any projection or coordinate system while also working with PLSS data
requires some pretty good tricks to deal with those transformations. You never had
to worry about any of that with true lats/deps.

A coordinate system’s north can only be the same as true north at one meridian.
Almost no matter what approach you take there are complications.

If you attempt to maintain a rectangular local (non true bearing based) coordinate
system then you will have to deal with rotating bearings to true, correcting some
lines to the latitudinal arc and other problems. This can be called a basis of
bearing system, as it’s bearing may be based upon a reference azimuth at one
point but is not corrected to true everywhere.

If you attempt to use full true bearing (lat/dep) non-orthogonal, coordinate system
by adding up the curvature corrected lats and deps, then you will have to deal
with misclosure due to convergency which will cause you to have different
coordinates for 1 point depending on how you got compute or traverse there.
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To use a coordinate system base on a projection has to account for a lot of
problems too. The PLSS system reports distances at ground elevation, whereas
true projection coordinate systems require correction of ground distances by both
an elevation and a grid scale factor to get to the grid distance. This in addition
to rotating bearing to true and usually complex formula are need to figure
anything.

These things make would make working between PLSS data, bearings and distances,
and projection grids manually a pain in the neck. These problems can be handled
today by not judging the problem in terms of how complex it is to handle manually
since it is possible to deal with much of that complexity with software.

In the rest of the world coordinate systems simplify computations, it is hard to think
about computing without them. The traditional Cadastral manual process dealt with
courses rather than coordinates. A computation system could be developed based on
courses rather than coordinates, but this has never been done before, and would be
tackling a whole new computational method.

Use of a projection coordinate system also removes the computational problem of
convergency. When we go to generate the final true line notes and plats we convert
the lines back to the PLSS datum of true mean bearings and ground distance and the
convergency reappears where it belongs. But even after eliminating that part of the
problem, the dilemma that still remains is that we cannot get very far when our
measurements misclose and that part of the problem results in 2, 3 or 4 coordinates
for the same point. This is common problem we have all seen in trying to apply
calculation systems and software to Cadastral work. About the only way is to keep
track of which coordinate came from what line and only use it with computations on
that line. And we need some way to work along latitudinal arcs. Some method would
be handy to allow us to get rid of this coordinate-measurement ambiguity. One way
is to adjust the data.

Why is adjusting good now, when we have always said it’s bad?

Least Squares Principals: The evil word lurking in the background here is
adjustment. This is another aspect of BLM Cadastral work that usually amazes the
private survey practicioner. Traditional Cadastral dogma has also maintained that
adjustment as well as coordinates was a bad word. Why might this be? Well, there
was good reason! The process of adjusting has a bad name because it is so often and
so easily abused. It is easily used as a way to ‘FIX’ bad data. If you have a lot of
traverses connecting, like in a township, a metrwork results, but simple common
adjustments commonly available to the average survey practitioner have to be looped.
After a while some good data is being warped to some adjusted bad data and perfectly
good field work starts to become more and more a distorted figure as you progress
through loops on loops.

CMM Chapter 1 - Introduction T page 6
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One symptom of this problem is how easy it is for this one loop at a time adjustment
practice to change data more than it should. A distance you measured accurately with
EDM as 1000 ft. ends up being 1000.6 ft. Lots of times the surveyor isn’t offended
by this because the program does not printout how much each measurement changed.

But you have no choice, or do you? Is there a better way, some kind of adjustment
process that was intelligent, that would allow you to include all of your network at
once, not just loops hooked onto loops degrading data as you go. Is there some way
that would allow you to define how accurate the measurements were, and then would
let you know if all those constraints were consistent, that is, how much each
measurement was required to change to meet those constraints and if there are
UNACCEPTABLE errors?

Well of course the Least Squares process in CMM has all of these attributes and more.
Unlike the magic "ADJUST" button contained in many commercial COGQO’s, least
squares analysis is an intelligent tool that is USER ACCOUNTABLE. That is you
make estimates of your reasonable measurement errors, the process tries to meet all
the geometric constraints of your entire system simultaneously and then provides you
with data about what happened. Data that can be interpreted to tell you if your
estimates were correct, or if there was likely an unacceptable error or blunder. And
provides a number of other benefits.

The following pages are an explanation from an expert. After you have digested all
he has to say, we would also like to recommend that you read over another paper
contained in Appendix II, that talks about the results of this type of analysis with actual
Cadastral data on several large scale day-to-day Cadastral survey projects.

After you have experimented with the software some you may want to review these
documents, as it may make more sense then.

Acknowledgements

The production of this software owes a great deal to a large number of individuals
throughout BLM Cadastral Survey and students and staff of the University of Maine,
at Orono, and the primary test site BLM Montana State Office, and the Eastern States
Office. It would take a page to list and give proper credit to all of these individuals,
we would however like to express special thanks to Bernie Hostrop, Chief WO
Division of Cadastral Surveys, through whose support and encouragement this project
was made possible.
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Chapter 2 - The PLSS Datum

Introduction:

One of the characteristics of BLM Cadastral Surveying that strongly affects the ability to
automate field computations is the unusual nature of the reference system in which Surveys are
reported. Traditional methods have provided a way to work within this system without the
necessity of a thorough understanding of all of it’s aspects. However those traditional systems
and methods do not lend themselves well to automating, and with the proliferation of
computing systems, it becones more and more necessary to re-examine how we measure in
Cadastral, and what implications that has in automating it. To the non-BLM Cadastral
surveyor, this information should also prove of value in understanding the nature of the PLSS
records and Manual procedures. In other words, in order to effectively automate we need to
achieve a common understanding of how we do our job in terms of measurement technique
and computational methods.

The PLSS Datum - or the Geodetics of Cadastral Survey

The PLSS Datum is the reference system by which the majority of the PLSS surveys are
theoretically reported. The data being reported on a BLM or GLO Cadastral Survey plat are,
of course, bearings and distances. But bearings and distances with reference to what? The
datum that surveys of the Public Land Survey System have been reported in for over 200 years
is discussed in various sections of the Bureau of Land Management’s current edition of The
Manual of Surveying Instructions, 1973.

Some of the Manual References you may want to review are as follows:

1-3. "Details of the plan and its methods go beyond the scope of
textbooks on surveying. The application to large-scale area
requires an understanding of the stellar and solar methods for
making observations to determine the true meridian, the treatment of
the convergency of the meridians, the running of the true parallels
of latitude, and the conversion in the direction of lines so that at
any point the angular value will be referred to the true north at
that place.”

2-1. "The law prescribes the chain as the unit of linear
measure for the survey of the public lands. B2all returns of
measurements in the rectangular system are made in the true
horizontal distance in miles, chains and links...."

2-17. "The direction of each line of the public land surveys is
determined with reference to the true meridian as defined by the
axis of the earth’s rotation. Bearings are stated in terms of
angular measure referred to the true north or south.”

2-19., Describes 3 Basic methods prescribed as current practice to
determine true bearings, 1) Direct Sun, star or ©polaris
observations; 2) Solar attachment; 3) Angles from the horizontal
control network. Use of the gyro-theodolite is also mentioned.

CMM Chapter 2 - The PLSS Datum aned
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2-74. This entire section is very important on this issue and
describes in detail methods for carrying forward true bearing,
and defines mean bearing and many other critical concepts.
".... By basic law and the Manual requirements, the directions
of all lines are stated in terms of angular measure referred to
the true north (or south) at the point of record."”

2-76. Defines the solar method for laying out the true parallel of
latitude.

2-79. Contain formulas for computing Convergency of two meridians,
and mentions the corrections to closure as a factor of area, and to
compute Rb, effective radius of a parallel.

2-80. Describes use of the Standard Field Tables to determine
convergency.

2-81 & 82. Describe the use of M and P factors for converting
measurements to differences in latitude and longitude.

3-87. Subdivision of Sections, refers to use of intersecting
"gtraight lines".

5-25. Double proportion - ‘Cardinal equivalents’ to be used in
reducing record, and cardinal offsets made to determine proportioned
point.

5-31. Single Proportion to allow for latitudinal curve, or
curvature.

5=36. Other adjustments to allow for latitudinal curve, or
curvature.

PLSS Datum Defined

Distances: These and other references in the BLM and GLO Manuals make it clear that the
frame of reference for distances is defined as horizontal measure in chains based on the U.S.
Survey Foot at actual ground elevation.

Bearings: The above Manual sections and others identify the frame of reference for direction
in the PLSS as something called Mean True Bearings referenced to the true astronomic
meridian ... at the point of record.

For surveyors familiar with basic geodesy you will recognize that this is a geodetic datum and
that the basis of bearing changes as you go east and west since the reference meridians at
different eastings are not parallel but converge towards the pole.

Because this is a changing reference the direction of a straight line on the ground can be
described with a forward bearing based on the meridian at the beginning point, or by a
different back bearing based on the meridian at the end point. The difference between these
two is equivalent to the angle of convergency of the two meridians.

If we want to accurately describe how far north or west a non-cardinal line goes in a geodetic
sense, we need to use the average or ‘mean’ of these two values. This mean_bearing is
essentially equal to the bearing of the traverse line with reference to it’s midpoint. Thus the
point of record for determining the bearing of a straight traverse line can be said to be the
meridian at the midpoint of the line.

CMM Chapter 2 - The PLSS Datum page 9
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There are other geodetic affects that occur in large scale surveys, but this changing reference
direction in the PLSS datum is by far the most significant.

Straight Lines: Therefore, one unusual byproduct of the PLSS datum is that:
1.  Straight lines on the ground are lines of constantly changing bearing.

A straight line is basically what you would lay out by double centering or projecting a direct
line of sight. The only straight line that does have a constant bearing is the meridian or north
and south line. An example of a boundary that might be a straight line is one that is described
as a straight line running from one physical monument to another. Such a line, if reported in
the PLSS Datum would have different forward bearing and back bearing, and different
bearings at any point along it.

Another term used to describe straight lines is Great Circle. That is the line formed by the
intersection of a plane which passes through the earth center and the earth’s surface. In the
real world such a line is actually not exactly straight to both the ellipsoidal shape of the earth
and local gravity anomalies a line you double centered would be a ‘geodesic’.

Rhumb Lines: It is also apparent from the various GLO and BLM Survey Manuals and the
actual methods prescribed and used to lay out the system on the ground that most boundary
lines in the PLSS are intended to be lines of constant bearing or Rhumb lines, NOT straight
lines. Such lines cross every meridian at the same angle and are thus curved as viewed on the
ground. Therefore, another unusual byproduct of the ‘PLSS datum’ is that:

II. Lines of constant bearing appear curved on the ground.

For example, the solar compass and transit were instruments that determined bearing at each
setup, and when matched with traditional chaining, measured or laid out lines of constant
bearing.

The ‘Manual’ discussion of latitudinal arcs illustrates one example of a rhumb line. A parallel
of latitude is a line that is due East and West in the PLSS Datum, thus one case of a line of
constant bearing. Since it crosses each meridian at a 90 degree angle, it has a mean bearing
of East or West. All lines of constant bearing in the PLSS datum except meridians will appear
curved on the ground.

It also turns out that:

III. The mean bearing of any chord or sub-chord connecting any two points
along a PLSS rhumb line will be the same as the bearing of the rhumb line
itself.

Thus it is possible to lay out points on a thumb line by correcting traverse lines to their mean
bearing in computations.

CMM Chapter 2 - The PLSS Datum - page 10



CMM Version 1.0 Documentation page 11

Most PLSS boundaries are RHUMB lines. This includes standard parallels, township

exteriors, section lines, many grant and reservation lines, some portions of state lines, etc.
The effect is not necessarily limited to E-W lines. Examples that can be seen on any map are
the largest portion of the North boundary of the U.S., and the N and S boundaries of many
states, such as Colorado, Wyoming, Kansas, etc.

Some boundaries are straight lines. This includes specifically described portions of grant

or reservation boundaries, some portions of state lines. Subdivision of Section, (see Section
3-87 of the Manual). There is some controversy about this, and in fact we are dealing with
pretty trivial distinctions in the case of a line a mile or less in length.

Examples that can be seen on a map are the diagonal portion of the East boundary of
California as well as the South boundary of California.

The amount of curvature of these lines is dependent on the project latitude, at higher latitudes,
such as in Alaska, the effect can be very great, for example the change in bearing over a mile
E-W line is about 2’ 23" per mile at 70° N latitude in Alaska, or in southern Arizona: 32 secs.
at 32° N latitude.

Information on the amount of curvature for different latitudes can be obtained from a number
of formulas, as well as derived from the Standard Field Tables, also known as the Red Book,
in either Table 11 - Convergency of Meridians, Six Miles Long and Six Miles Apart..., or
Table 26 - Increments of Curvature.

Note: If you apply curvature corrections to your traverses, you will in essence be surveying
as if you were using a Solar attachment, see Manual Section 2-76. For purposes of line
proportions no further corrections for latitudinal arc need be made. This is the essence of
being in the Datum. That is, to survey in the datum and to then apply secant or chord offsets
as described in the manual would be applying the correction twice.

Coordinate Systems and the PLSS Datum

If you were to try to develope and use coordinates based on the true mean bearings of your
traverse lines, you would begin to run into some problems, why? The reason is a by product
of an effect that we will call ‘apparent misclosure due to convergency of the meridians’. And
it results in coordinates that depend upon the path you used to compute to the point, and as
such become pretty useless as coordinates as they no longer represent in themselves a proper
relation between the points.

Therefore in the PLSS Datum:
IV. A theoretically perfect survey will appear to misclose in the PLSS datum.

The effect will be called ‘apparent misclosure due to convergency of the meridians’ and is a
function of latitude and the area of the loop closed.

Since the sum of true mean lats and deps to a point will depend on the area between the path
to the point and a true line directly to the point, the only correct answer is one obtained by
running the straight line to the point.
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Coordinates systems based on mean bearings will always have difficulty because the math and
trigonometric functions we are used to using are based on an orthogonal (axis are all at 90
degrees to each other and straight) coordinate system, and we are dealing with a different
shaped system.

DOUBLE PROPORTION

Now let’s look at the definition of double proportion as stated in the BLM Manual of
Surveying Instructions, 1973, which states:

"5-25, The term ‘double proportionate measurement’ is applied
to a new measurement made between four known corners, two each
on intersecting meridional and latitudinal 1lines, for the
purpose of relating the intersection to both.

In effect, by double proportionate measurement the record
directions are disregarded, excepting only where there is some
acceptable supplemental survey record, some physical evidence,
or testimony that may be brought into the control. Corners to
the north and south control any intermediate latitudinal
position. Corners to the east and west control the position in
longitude.”

es oo e

"Lengths of proportioned lines are comparable only when reduced
to their cardinal equivalents. "

Cardinal Equivalents; The last sentence in the above quote is one that requires some
explanation. What it means is that only the easterly components (or departures) of the E-W
controlling record lines are used to compute the E and W position, and only the northerly
components (or latitudes) of the N-S controlling record lines are used to compute the N and
S position. This is different than using the line lengths or distances on the record line.

Neglecting to correct the record for cardinal equivalents won’t usually get you in trouble since
most section lines in the original surveys are very near to cardinal and the correction is
insignificant. There are, however, many situations in public land surveys where this is not the
case. This situation will also occur where a retracement or subsequent GLO or BLM resurvey
has reported new measurements in the PLSS datum, and the lines are distorted.

Cardinal offsets

The Manual of Surveying Instructions, 1973 Section 5-26 describes a process for performing
a double proportion. The Manual section states:

"5-26. In order to restore a lost corner of four townships,
a retracement will first be made between the nearest known
corners on the meridional line, north and south of the
missing corner, and upon that line a temporary stake will be
placed at the proper proportionate distance; this will
determine the latitude of the lost corner.

"Next, the nearest corners on the latitudinal line will be
connected, and a second point will be marked for the
proportionate measurement east and west; this point will
determine the position of the lost corner in departure (or
longitude).
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"Then, through the first temporary stake run a line east or
west, and through the second temporary stake a line north or
south, as relative situations may determine; the
intersection of these two lines will fix the position for
the restored corner."

Such a process would probably be impractical in the field if followed to the letter. It is,
however, a valuable way to conceptualize a proper solution of a double proportion and a good
way to model a computational method. In brief, the three part process as described consists

of:

1) A single proportion using the record E-W cardinal equivalents between the control

E and W. In the Figure 1 example this would be point *A’.

2) A single proportion using the record N-S cardinal equivalents between the control

N and S. In the Figure 1 example this would be point *B’.

3) Cardinal (true mean) offsets to intersection from those two points. In the Figure

this results in point 'C’.

This last requirement can be a problem if you are not careful using coordinates, since to make
the offsets cardinal requires knowledge of and proper correction to true north at those points.
The common process of using the East coordinate of the E-W proportion and the North
coordinate of the N-S proportion is equivalent to making a GRID offset, exagerrated In Figure

1 as point ’D’, which can be incorrect.
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Chapter 3 - Understanding Least Squares and Adjustment

Understanding Least Squares and Adjustment
A Basic Approach for Utilization

by Ray Hintz

This is a draft copy of a paper that was prepared for presentation at the Cadastral
Survey 1990 New Technology Seminar, which was never held. Its intent is to help
people feel comfortable with some of the processes which are involved in measurement
management. The author thanks Corky Rodine and Jerry Wahl for their contributions
to this paper.

Introduction

The use of adjustment of survey measurements is obviously something the surveying
community wishes could be avoided. Unfortunately we, and the instrumentation we use, are
not perfect in our measuring ability, and adjustment is the term that has been associated with
the procedures we use in accounting for our inconsistencies.

If an adjustment changes a measurement within an acceptable random error limit we should
not be concerned. The statistical difference between the adjusted and the measured quantity
in this situation is negligible. A 4 second adjustment of a horizontal angle measured twice
with a 6 second least count theodolite is obviously within the expected error range of the
angle. A 30 second adjustment of that angle could easily be termed intolerable, and a surveyor
should not accept the adjustment. The cause of the intolerable adjustment (data entry error,
field blunder, etc.) needs to be determined and the measurement corrected. The readjustment
based upon the correction then needs to be evaluated for acceptability. One role of this paper
is to explain why adjustment can be a valid procedure, and how to judge when it is not valid.

A large number of the surveying community are familiar with the compass rule as an effective
adjustment procedure for a loop traverse adjustment. Unfortunately, this approach is limited
in versatility when a traverse network (series of interconnected traverses) is encountered. A
least squares approach to adjustment of survey data analyzes any survey network configuration
in the same fashion. Least squares analysis is not limited to surveying. It is an accepted
procedure in mathematics, statistics, computer science, and a variety of engineering disciplines.
In most other disciplines least squares is considered a "data analysis" technique as opposed to
an adjustment process. This paper will illustrate that is really an analysis technique in
surveying, too. Adjustment actually exists in any redundant survey network - misclosures are
simply restricted to a limited number of closing measurements in an "unadjusted" situation.
While this unadjusted approach may be a valid procedure in some cases, one would normally
desire a more uniform adjustment procedure since we know this is how random errors occur
in our measurements. No matter what technique is used, if redundancy exists it will be shown
that adjustment exists.

The final point to be addressed in this paper is the accepted lack of under- standing of least
squares analysis in a large component of the surveying population. This is partially due to the
lack of understandable reading material on the subject, and that it requires a computer for it
to be implemented in a production environment. The personal computer revolution is a recent

CMM Chapter 3 - Ray’s Least Squares Paper page 15



CMM Version 1.0 Documentation ~ page 16

phenomena which has allowed a surveyor access to least squares for survey network analysis,
and efficient PC based software is still a difficult commodity to locate.

One does not require an in-depth understanding of linear algebra, calculus, statistics, or
computer science to become a knowledgeable user of least squares analysis. A computer,
dedicated software, and a few hours of hands-on instruction and use are required. This paper
does not replace hands-on instruction and use, but can serve as a primer for those who are
unfamiliar with this approach. This paper is directed to a user, and not to one who wishes to
understand the mathematics which is being utilized in least squares operations.

Is There Reall h_a Thin "Unadjusted" Data?

The answer to this question is obviously "yes", but it pertains only to non-redundant data or
the raw measurements themselves. Once redundant information such as a loop traverse is
created there is always some form of adjusted information, even if an adjustment procedure
such as the compass rule is not applied.

A three-sided loop traverse provides a very simple example of this phenomena. Assume all
interior angles have been measured along with the three distances, station 1 has fixed
coordinates, and the direction from 1 to 2 is known.

The assumption of coordinates at 1 and the fixed direction "fixes" the network’s position and
orientation in a 2-D coordinate system.

Let us first consider only angles. It is known that the sum of the interior angles of an n-sided
polygon must equal (n-2)*180 degrees, and due to random error it is unlikely that the angles
in the example will sum to that. If you treat two of your angles as "unadjusted”, by the
defined angular geometry [(n-2)*180] the third angle is automatically adjusted by -1 * the
angular closure. If one of the angles was left unmeasured, there would be no redundancy in
angles and thus no logical way to adjust angles.

If one assumes a "raw" closure (no angle adjustment prior to linear closure computation) is
desired, in an n-sided polygon there are always n possible linear closures that can be
computed. In the three sided example a linear error of closure can be computed beginning and
ending at station 1 without using the angle at station 1. The same procedure can begin at
station 2 and station 3, in each case not using the angles at 2 and 3 respectively. In each case
a different linear closure will be realized because the same measurements are not used in all
three cases. There are thus three unique compass rule adjustments possible if angles are not
adjusted prior to closure computation.

Even if this confusing issue is ignored, a loop traverse with a non-zero linear closure has to
have adjustment due to the geometric constraint of sum of latitudes and departures each
totalling zero. Simply computing coordinates of 2 and 3 clockwise from station 1 will ignore

CMM Chapter 3 - Ray’s Least Squares Paper pa}e 16



CMM Version 1.0 Documentation page 17

use of the angles at 1 and 3 and the distance from 2 to 3. This omission actually places all
adjustment in these three measurements.

As stated before, one should observe if the amounts of angular and distance adjustment are
within reasonable random error limits. If this is true, the amounts of adjustment are within
the limits of one’s measuring abilities. If the amount of adjustment to various measurements
is not within acceptable limits the adjustment process is indeed invalid. The source of the un-
reliable measurements should be determined and corrected.

This demonstrates that if redundancy exists adjustment has to exist. Geometric constraints
prevent all measurements to remain unadjusted.

When does a Com Rule Approach to Traverse Adjustment hecome Difficul

A compass rule adjustment of a loop traverse with reasonable angular and distance closures
is a very valid procedure, and will often produce final coordinates which are very close to
those produced by a least squares adjustment. Unfortunately a loop traverse is not a highly
redundant situation. A loop traverse is also fairly weak geometrically, and can have undetected
larger compensating errors in it. The sum of the interior angles, sum of latitudes, and sum
of departures are the only geometric constraints in a loop traverse. It can also be shown by
a mathematical technique called error propagation that a traverse’s geometry is strongest in the
direction it "runs". A section of traverse running north-south will therefore have weaker
easting and stronger northing coordinates. Consider the north-south traverse as a guitar string.
It bends easier east-west than it can be stretched north- south. Now let us assume another
traverse section is surveyed in an east- west direction and it intersects the north-south section.
If coordinates have already been computed on the north-south line (and possibly adjusted) the
east-west section will be tying into coordinates weak in easting. If you compute coordinates
on the east-west section first the north-south section will be intersecting weak northing
coordinates. Least squares provides the solution to this problem.
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Before we discuss why a least squares approach resolves this problem, let us consider another
problem involved in compass rule type adjustment of a complicated traverse network. This
problem involves priority of the lines in the adjustment process. Let us assume the following
traverse network, with each side of the polygons representing series of angle and distance
measurements.

3]

4
Which of the following priorities of adjustment should be used:

Case A: (1) outside loop 4-1-2-3
2) 2-54
3) 35
@) 15

Case B: (1) outside loop 4-1-2-3
2) 3-5-1
3) 45
@) 2-5

Case C: (1) 34-5-3
2) 4-1-2-3
3) 25
@) 15

Case D: (1) 1-54-1
@) 5-34
@3) 523
@) 2-1

etc., etc., etc.
There is an incredibly large number of adjustment priority combinations, with little or no

ability to judge which priority is "best". Consider how many possibilities exist in a PLSS
township where all township (exterior) and section lines have been traversed.
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A common "rule of thumb" procedure in compass rule approaches to traverse networks is to
adjust the exterior of the network as one loop first, then decide on a priority approach of
adjusting interior traverses to "fit" the adjusted exterior. This concept is often termed a rigid
boundary approach. This technique is the worst possible approach that could be used from an
elementary error propagation standpoint. The exterior will generally contain more stations than
any other loop in the network, and thus you would expect generally worse closures in it than
any smaller loops. You would thus be adjusting the component with the largest expected
error, and forcing smaller traverse sections (less propagated error) to fit it.

There is no statistically correct procedure that defines sequential compass rule adjustments of
a traverse network. As opposed to a sequential procedure, least squares allows simultaneous
adjustment of any traverse network geometry (including any number of control stations). This
will initially seem impossible since many surveyors are not familiar with how least squares
works, and thus a basic discussion of concepts is now required.

What does one need to know to feel Comfortable about Using Least Squares Analysis?

Whenever we measure something more than once and average the repetitions a least squares
solution is being performed. An average minimizes the sum of the squares of the residuals.
This is the underlying principle of least squares. A residual is the difference between the
measurement and its adjusted quantity (an adjusted quantity being a simple average in this
case). The residuals have to be squared because they tend to be both positive and negative,
and thus a simple summation produces zero if a simple average is being computed.

Now that one realizes he or she has been using least squares all along in averaging, we now
need to define how it applies to survey networks, and where the concept of weighting (or error
estimation) of survey measurements becomes important. Horizontal survey networks consist
of measured azimuths, angles, and distances in addition to control coordinates. Least squares
adjusts all measurement types simultaneously in addition to adjusting all traverse legs
simultaneously. This means relating angular quantities (azimuths and angles) to those of linear
dimensions (distances and coordinates). To allow this, the least squares condition is expanded
to minimizing the sum of the squares of the weighted residuals. A weight is equal to one
divided by the measurement’s error estimate.

Adding the weight into the least squares condition makes all terms in the summation unitless.
As an example, a distance, its error estimate, and its residual, all have units in feet. (1/error
estimate) residual is equal to (1/feet)* feet in unit terms so the determined quantity becomes
unitless. The unitless quantity can be directly compared to unitless quantities derived from
angles and azimuths.

Notice that the least squares condition has no dependency on number of traverse legs, number
of traverse connections, number of measured azimuths, number of control points, etc. At this
time it is also illustrated that the least squares principle can be applied to any measurement
system in any science (not just surveying). It can also be applied to differential leveling, 3-D
traversing, GPS vectors, or any combination of survey measurements.

One estimates his/her errors in various measurements using knowledge and experience. While
repetition of a measurement such as an angle gives a clue to its reliability, the error estimate
derived from repeated measurements does not usually take into account instrument and target
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setup errors, some atmospheric errors, etc. In other words, the standard error computed from
a series of repetitions often tends to be smaller than what a surveyor should estimate since it
does not account for several possible error sources. An obvious example is repeated EDM
measurements from the same instrument & target setup. Often these values will not differ by
more than 0.01 ft. but the combined error in instrument and reflector setups over their
respective points can easily be larger than this number.

Angle and azimuth error estimates are a function of least count of an instrument, number of
repetitions, and stability of instrument setup among other factors.

An interesting option of least squares is that control coordinates can be assigned error estimates
and allowed to adjust. If control coordinates are not to adjust, they should be given a very
small error estimate (such as 0.001 ft.). The control coordinate can therefore be treated as a
measurement in the least squares solution.

Least squares has procedures which allow one to verify if one’s error estimates are reasonable.
The first simple check is a look at all of the measurement residuals (amount of adjustment
applied to each measurement) and see if any are outstandingly larger in magnitude (absolute
value) than the error estimate. If all but a few are acceptable, the unacceptable ones are
obviously possible blunders. If a majority are outstandingly smaller than your error estimates
you have been pessimistic about the quality of your work, or there is very little redundancy
in your work.

To scan thousands of residuals would be extremely tedious so two "global" error computations
can be made. The first is known as a root-mean-square (RMS) error. For a particular
measurement type, RMS error is the square root of the sum of the squared residuals, divided
by the number of that type of measurement. It could be thought of as an average residual for
that particular type of measurement. The RMS error should be near in magnitude to your
average error estimate for a particular type of measurement.

A value which is an indicator of your error estimating abilities for all types of measurements
(the entire survey network) is the standard error of unit weight. To compute this quantity the
sum of the squares of the weighted residuals is divided by the number of redundant
measurements (termed number of degrees of freedom), and the square root of that computed
quantity is taken. Since a residual and its respective error estimate should be near equal in
magnitude, a weighted residual tends to be near one in amount. Of course, random error says
some will be larger than one and some smaller than one. If this is true the standard error of
unit weight will tend to be near one. A value larger than 2.5 indicates error estimates were
optimistic of blunders exist. A value less than 0.7 indicates pessimistic error estimates or
simply a lack of redundancy (therefore no adjustment of measurements is possible). A test can
be applied to the standard error of unit weight to statistically validate the quality of your error
estimates. A "rule-of-thumb" approach of 0.7 to 2.5 works well, too. A failure of this test
indicates an invalid adjustment due to poor error estimates or blunders. If no blunders can be
found, it is generally appropriate to change some or all of your error estimates.

Notice you can use you error estimates to “classify” different qualities of surveys within a
network, and adjust all of the network simultaneously. Least squares still preserves the
geometric constraints of sum of interior angles being (n-2)*180 degrees and sum of latitudes
and departures of a loop being zero. Adjusted angles will close perfectly between adjusted
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azimuth measurements. If the data is azimuths (or bearings) and distances with no angles the
sum of the interior angles constraint disappears but the latitude and departure constraints
remain. This is no different than information derived from a compass rule approach. A
compass rule adjustment actually produces residuals for all measurements, but they are
generally not termed residuals. The simultaneous analysis of all data on all traverse legs, with
the ability to weight measurements using your error estimates, is the key difference.

The simultaneous approach allows the systematic distortions which result from a sequential
compass rule approach to be eliminated. You truly obtain the "best" coordinates based on a
series of measurements and your error estimates.

Additional Information about Least Squares Adjustment of Horizontal Survey Data

A brief discussion of items involved in least squares analysis of horizontal survey data will
help users with questions like "Why do I do this?" and "What do these numbers represent?".
This will be presented in a question and answer format.

(1) Why do adjustment of large networks take so long to run?

Least squares analysis of survey networks requires solution of a system of equations
equal in size to the number of unknowns. Unknowns in horizontal survey networks are
the 2-D coordinates of the stations. A 1000 station network has 2000 unknown
coordinates (1000 X, 1000 Y). This means a system of 2000 equations, 2000 unknowns
(called the normal equations) needs to be solved. Even on a fast computer this is not a
trivial process. As the size of the network increases the time required for the solution
increases exponentially (i.e., a 1000 station network takes more than twice the time to
solve of a 500 station network).

(2) Why does least squares of horizontal networks require an iterative solution?

The equations used in horizontal data are "non-linear" equations. The inverse distance
and azimuth equations are examples of non-linear equations because they include items
such as square roots, squared terms, and trigonometric functions in them. A leveling
network produces linear equations of the form:

Elev. B - Elev. A = meas. elev. difference + residual

There are no powers or trigonometric functions in this equation. To solve non-linear
equations the equations are so-called "linearized". In doing this one creates a solution
which solves for updates to approximations for all unknowns. The updates are added to
the approximations, and the solution for the updates occur again (the second iteration).
When the updates become "negligibly small" (all less than 0.005 ft. for most surveying
applications) the solution has converged on the least squares solution for all coordinates.
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Several questions arise:

1)

2)

3)

4

How are approximations for all coordinates generated, and how close to their final
adjusted values do they have to be?

Conventional traverse computations are the most effective approach to approximate
coordinate generation. This has been implemented for any traverse network configuration
in computer program GENER of the LSAQ, etc. software package developed by the
author. GENER performs a compass rule adjustment for all traverse routes, outputs
closure reports and residuals for all measurements from the compass rule. These serve
as excellent approximations unless blunders exist, and are generated automatically from
any unordered data set.

(Editors note: Current version of GENER does not use compass rule.)

How many iterations are usually required?

If no blunders exist the solution will usually terminate in 2 iterations. The first iteration
will illustrate the difference between the compass rule and least squares solution, and the
second iteration will produce all negligible updates.

If blunders exist a solution will often run more than 2 iterations. There is generally little
need to run more than 4 iterations for a data set.

What is a divergent solution?

If approximations are very poor, or substantial blunders exist, it is possible that iteration
updates will grow (diverge) instead of decrease (converge). It is important that one looks
at pre-adjustment closures and compass rule residuals (produced by GENER) for obvious
blunders, which can be corrected, prior to running the least squares adjustment.

What are the meanings of standard errors of coordinates and error ellipses?

These quantities give the surveyor a feel for the positional reliability of his or her
produced coordinates. They are a function of the proximity of the coordinates to control
stations in the network (further from control you are less confident of the positional
reliability of your coordinates). These error analysis results are very computationally
intensive to obtain, and thus should only be generated for large networks if truly
necessary.

A short discussion of statistical properties of standard errors is required to understand this
component of least squares results. Least squares analysis assumes measurements are
drawn from a normal distribution. A normal distribution results in the familiar
bell-shaped curve of statistics. Values of data is represented on the x axis and frequency
of occurrences on the y axis. The center of the bell shaped curve is the average.
Statistics can show that approximately 66.7 % of your data falls within the region between
the average minus the standard error and the average plus the standard error.

This applies directly to standard errors of survey coordinates. If you performed the same
survey over, using the same techniques under the same conditions, you would be 66.7%
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(5)

(6)

confident that the new coordinate will fall within "plus or minus" the standard error of
the first produced coordinate. Multiplying the standard error by three produces 98.6%
confidence. The error ellipse produces SU - maximum error, SV - minimum error, and
T - angle from north to the direction of the maximum error direction. One will normally
find maximum error approximately 90 degrees from the direction of the traverse at that
point. Error ellipses provide an effective visual tool for inspecting positional accuracies
of least squares adjusted station positions.

What is meant by re-weighting for blunder detection purposes (robustness)?

Least squares can be used as an extremely effective tool in blunder detection. Often
simply looking at residuals will isolate blunders. A technique often termed robustness
serves as a filter for bad measurements. It involves running the adjustment once with
your error estimates, then averaging the error estimate with the residual (absolute value)
for a measurement. This quantity becomes the new error estimate, and the adjustment
is run again. Measurements with small "first run" residuals will get decreased error
estimates in the subsequent run, and the opposite effect occurs for measurements with
large residuals. This will shift the bigger adjustments to those measurements with larger
error estimates. This filtering affect is very effective in blunder isolation. A weighted
average can also be used in determining new error estimates if desired. One can robust
all measurements, or only certain ones (such as angles only). The blunders should then
be corrected and the adjustment re-processed.

What is the meaning of the "Band is xx stations" which appears just prior to the
adjustment process itself?

The equations which are being solved tend to be "sparse". Sparse means there are lots
of zero coefficients. If one can figure out where the zeros are, the station order can be
switched until the zeros are ordered in some systematic fashion. One approach to
